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1
$K$ $n$ $f_{i}(x_{1}, \ldots,x_{n})\in K[x_{1}, \ldots, x_{n}]$ ,
$f_{1}(x_{1}, \ldots, x_{n})=0,$ $\ldots$ $f_{m}$? $(x_{1}, \ldots, x_{n})=0$ (1)
. (1) , ,
.
. $f_{i}$ (Gauss )
, $f_{i}$ , , .
, , Bezout , Gr\"obner
, . , , ,
.
2
$f(x)$ $=$ $a_{n}x^{n}+\cdots$ $a_{0}$ , $a_{n}\neq 0$ (2)
$g(x)$ $=$ $b_{m}x^{m}+\cdots$ $b_{0}$ , $b_{n}\neq 0$ (3)
$\alpha$
$\alpha^{\mathrm{t}}f(\alpha)$ $=$ $0$ $(i=0, \cdots m-1)$













, $S(f,g)x=0$ $x=^{t}(\alpha^{m+n-1}, \ldots, 1)$
$\det S(f, g)=0$ (4)
. (4) ${\rm Res}_{x}(f,g)$ $f,g$ (resultant) .
21
(2), (3) , $a(x),$ $b(x)\in \mathrm{Z}[x, a_{0}, \ldots, a_{n-1}, b_{0}, \ldots, b_{m-1}]$
$af+bg={\rm Res}_{x}(f., g)$ (5)
. ${\rm Res}_{x}(f, g)=0$ , $f(x)$ $g(x)$ ,
, $f(x,y),$ $g(x,$ $y\rangle$ $\in K[x, y]$ .
$f(x, y)$ $=$ $a_{n}(y)x^{n}+\cdots$ $a_{0}(y)$
$g(x, y)$ $=$ $b_{m}(y)x^{m}+\cdots+b_{0}(y)$
, ${\rm Res}_{x}(f(x, y),g(x, y))$ $y$ 1 $r(y)$ , , (5) $a,$ $b$ 2
. $a(x, y),$ $b(x, y)\in K[x, y]$
$a(x, y)f(x, y)$ $b(x, y)g(x, y)=\tau\cdot(y)$
. $f(\alpha,\beta)=g(\alpha, \beta)=0$ $(\alpha, \beta)$ ,
$r(\beta)=0$ (6)
. (6) , 2 1 ,
, , $n$ 1
.
22
$f(x,$ $y,$ $z\rangle$ $=g_{\backslash }(x, y, z)=h(x, y, z)=0$ , $r(z)={\rm Res}_{y}({\rm Res}_{x}(f, g),$ ${\rm Res}_{x}(f, h))$ ,
$r(z)=0$ .
, . , , .
23
$f(x, y, z)$ $=$ xyz–l $=0$
$g(x, y, z)$ $=$ $xy^{2}+y^{2}z+z^{2}x-1=0$
$h(x, y, z)$ $=$ $x^{3}+(3y+3z)x^{2}$ $(3y^{2}+6zy+3z^{2})x+y^{3}+3zy^{2}+3z^{2}y+z^{3}-1=0$
,
${\rm Res}_{x}(f, g)$ $=$ $z^{3}y^{4}-z^{2}y^{2}+(z^{3}+1)y$
${\rm Res}_{x}(f, h)$ $=$ $z^{3}y^{6}+3z^{4}y^{5}$ $(3z^{5}+3z^{2})y^{4}+(z^{6}+5z^{3})y^{3}+(3z^{4}+3z)y^{2}+3z^{2}y+1$
$r(z)$ $=$ ${\rm Res}_{y}({\rm Res}_{x}(f, g),$ ${\rm Res}_{x}(f, h))=-z^{36}+12z^{33}+48z^{30}+97z^{27}+400z^{24}$
$+1091z^{21}+1088z^{18}+263z^{15}+33z^{12}+z^{9}$
, $r(z)=0$ $z=0$ .
139
Bezout[l] , 1 .
, , 1 ,
,
24
$f(x, y, z)$ $=$ $x^{3}+a_{2}\langle y,$ $z)x^{2}+a_{1}(y, z)x+a_{0}(y, z)=0$
$g(x, y, z)$ $=$ $x^{3}+b_{2}(y, z)x^{2}+b_{1}(y, z)x+b_{0}(y, z)=0$
$h(x, y, z)$ $=$ $x^{3}+c_{2}(y,$ $z\rangle x^{2}+c_{1}(y, z)x+c_{0}(y, z)=0$
($f,$ $g,$ $h$ 3) , 4 $F_{1}(x, y, z)$ , $G_{1}(x, y, z),$ $H_{1}(y, z)(\deg_{x}(F_{1})=\deg_{x}(G_{1})=1)$
7 $r_{1}(y, z)=F_{1}f+G_{1}g+H_{1}h$ . , 4 $F_{2}(x, y, z)$ ,
$H_{2}(x, y, z))G_{2}(y, z)(\deg_{x}(F_{2})=\deg_{x}(H_{2})=1)$ 7 $r_{2}(y, z)=F_{2}f+G_{2}g+H_{2}h$
. $r(z)={\rm Res}_{y}(r_{1}(y, z),$ $r_{2}(y, z))$ 49 .
24 , [1] , Euler Cramer , 81
. , .
25
$F_{i}(x_{0\}}\ldots, x_{n})$ , $d_{i}$ .
$F_{1}(x_{0}, \ldots, x_{n})=\cdots=f_{n}^{1}(x_{0}, \ldots, x_{n})=0$
$\mathrm{P}^{n}$ , $d_{1}.d_{2}\cdots d_{n}$ .
Bezout $n=2$ , Bezout .
, , $d_{1}d_{2}\cdots d_{n}$ . 24





, . Gr\"obner ,
. , ,
, . , $K$ $n$
.
31
$T$ 1 . $T$ . $T$ $<$
1. $t\in T$ $1\leq t$ .
2. $t,$ $s\in T$ $t\leq s$ , $u\in T$ $tu\leq su$ .
$f\neq 0$ $<$ $\mathrm{H}\mathrm{T}(f)$ .
32
$I$ , . $G\subseteq I$ $I$ Gr\"obner ,
0 $f\in I$ , $g\in G$ $\mathrm{H}\mathrm{T}(g)|\mathrm{H}\mathrm{T}(f)$ .
140
33





$<$ , $s\not\in K[X_{i}],$ $t\in K[X_{i}]$ $s>t$ . ( $X\backslash X_{i}>>X_{i}$ , $<$
$(X, X_{i})$ ) $G$ $I\subset K[X]$ $G_{I}\ddot{o}b\mathrm{n}\mathrm{e}\mathrm{r}$
$G\cap K[X_{i}]$ $I\cap K[X_{i}]$ Gr\"obner .
$x_{1}>x_{2}>\cdots>x_{n}$ , $(X, X_{i})$ . $K[x_{1}, \ldots, x_{i}]$ ,
$K[X_{i}]$ $<_{1},$ $<_{2}$ , $\mathfrak{z}_{1}t_{2}<s_{1}s_{2}(t_{1}, s_{1}\in K[x_{1}, \ldots, x_{i}])t_{2}s_{2}\in K[X_{i}])$ $t_{1}<_{1}s_{1}$




23 , $I=\langle f,g, h\rangle$ , $x>y>z$ Gr\"obner $G=\langle g_{1},g_{2}, g\mathrm{s}\rangle$ ,
$g_{1}(x, z)$ $=$ $817369228x+45454973z^{25}-552616591z^{22}-2086838465z^{19}-4183022954z^{16}$
$-17821406012z^{13}-47327708297z^{10}-44817461739z^{7}-11457564962z^{4}$
$-3111506477z$
$g_{2}(y, z)$ $=$ $-7233356y+1740585z^{25}-20859119z^{22}-83871961z^{19}-170311198z^{16}$
$-699433340z^{13}-1910797353z^{10}-1927410739z^{7}-498196514z^{4}-69656837z$
$g_{3}(z)$ $=$ $z^{27}+12z^{24}+48z^{21}+97z^{18}+400_{\sim}^{15}7+1091z^{12}+1088z^{9}+263z^{6}+33z^{3}+1$
. , $I_{1}=\langle g_{2},g_{3}\rangle,$ $I_{2}=\langle g_{3}\rangle$ . 23 $r(z)$ , $r(z)=$
$-z^{9}g_{3}(z)$ , $r(z)\in I_{2}$ .
, . ,
$g_{1}(x, z)$ $=$ $817369228x+u_{1}(z)$
$g_{2}(y, z)$ $=$ $-7233356y+u_{2}(z)$
, $I$ $V(I)$
$V(I)= \{(-\frac{u_{1}(\alpha)}{817369228}, \frac{u_{2}(\alpha)}{7233356}, \alpha)|g_{3}(\alpha)=0\}$
. Gr\"obner , , .
, .
36(Shape Lemma)
$I$ , $\sqrt{I}=I$ , , $I$
Gr\"obner $G$
$G=$ { $z_{1}-g_{1}(z_{n}))\ldots$ , z l-gn-l $(z_{n}),$ $g_{n}(z_{n})$ }
.
141
, Gr\"obner , ( ) ,
. 23 , $g_{1},$ $g_{2}$ $g_{3}$ . ,
, . .
37 (Generalized Shape Lemma; GSL)
$I$ , , $I$
$\{(\frac{h_{1}(\alpha)}{g_{n}’(\alpha)}, \ldots, \frac{h_{n-1}(\alpha)}{g_{n}’(\alpha)}, \alpha)|g_{n}(\alpha)=0\}$
. $g_{n}(z_{n})$ Shape Lemma 1 , $g_{n}’(z_{n})$ $g_{n}(z_{n})$ .
$I$ $g_{n}(z_{n})$ . , , Shape Lemma
, , $h_{i}$ , $g_{i}$
.
38






. , , (multipolynomial
resultant), (sparse resultant) . ( [2] .
[2] )
41
$F_{0}(x_{0}, \ldots, x_{n}),$ $\ldots fF_{n}(x_{0}, \ldots, x_{n})$ , $d_{i}>0$ . ,
$F_{0}$ , . . . , $F_{n}$ ${\rm Res}(F0\}\ldots, F_{n})$
1. $F_{0},$ . . . $,$ $F_{n}$ $\mathrm{P}^{n}$ $\Leftrightarrow{\rm Res}(F_{0}, \ldots, F_{n})=0$
2. ${\rm Res}(x_{0}^{d\mathrm{o}}, \ldots, x_{n}^{d_{n}})=1$
4.1 2 : uu [3] hidden
variable . 4
, $f_{0}(x_{1}, \ldots, x_{n})\langle i=0,$ $\ldots,$ $n-1$ ) , . hidden





( $x_{0}$ ) . , $f_{0}$ , . . . , $f_{n-1}$ , $x_{n}$
. , $F_{0},$ $\ldots,$ $F_{n-1}$ $\mathrm{P}^{n-1}$ . , ${\rm Res}(F0, \ldots, F_{n-1})$
, $x_{n}$ 1 ,
142
, $d_{i}$ ,
, . , ,
[4] . , $F_{i}$ , , support, , 0
, $\mathrm{C}^{n}\backslash \{\mathrm{O}\}$ $F_{i}$




23 , $z$ hidden variable $g_{3}(_{\sim}7)$ .
.
5 –4







$=$ $pq$ $\tau s+tu+v-d=0$
$f_{5}$ $=$ $r+f_{\mathit{1}}+v+q-e=0$
$f_{6}$ $=$ $p+t+v$ $s-f=0$
$f_{7}$ $=$ $p+r+v$ $u-g=0$
$f_{8}$ $=$ $p+r+t$ $w-h=0$
$p,$ $q,$ $r,$ $s,$ $t,$ $u,$ $v,$ $w$ , $a,$ $b,$ $c,$ $d,$ $e,$ $f,\mathit{9},$ $h$ . , ,
$p$ 50 , ,
, , .
, $p$ .
1, $w,$ $u,$ $s,$ $v$

















$I=\langle\tilde{f}_{1},\tilde{f}_{2},\overline{f}\mathrm{s},\tilde{f}_{4}\rangle$ , $\{t\}>>\{r, q,p, a, b, c, d, e, f,g, h\}$ ,
Gr\"obner $G$ ,
$G=\{g_{1}(p, q),g_{2}(p, q, r), \ldots, g_{7}(p, q, r),g_{8}(p, q, r, t), \ldots,g_{16}(p, q, r, t)\}$
( $a,$ $\ldots,$ $h$ ) ,
$I\cap \mathrm{Q}\mathrm{p},$ $q,$ $r]=\langle g_{1}, \ldots,g_{7}\rangle$
3. $r$
$h(p, q)={\rm Res}_{r}(g_{2}(p, q, r),g_{3}(p, q, r))$ .
$g_{2}=3r^{2}+(3q-3p-3e+3f-3)r-q+p-a+2b-c-d$ $e$
, $\deg_{r}(g\mathrm{s})=1$ , $g_{3}=0$ $r$ t 92 .
4, $q$
$\mathit{9}1=(3p-1)q-2p+2a-b-c-d+e$





, $a,$ $b,$ $c,$ $d,$ $e,$ $f,$ $g,$ $h$ $R$ 12 .
$p$ 12 $R\{p$) $\mathrm{Q}$ , $p$ . ,
. , 50 $R(p)$
, . $R(p)$ , $p$ $a,$ $b,$ $c,$ $d,$ $e,$ $f,$ $g,$ $h$
22858 . 50 ,
, .
, 2 $t$ , $g_{1},$ $g_{2}$
, , ,
,
, $g_{1}(p, q)$ ,
$g_{1}=2f_{1}-f_{2}-f_{3}-f_{4}+f_{5}$
. , $l=\tilde{f}_{1}-\tilde{f}_{2}$ ,
$l=r^{2}+(q-p-e+f-1)r-pq+p-a+b$
, $m={\rm Res}_{t}(\tilde{f}_{3},\tilde{f}_{4})$ $p,$ $q,$ $r$ $l,$ $m$ $n(p,q)={\rm Res}_{r}(l, m)$ . ${\rm Res}_{q}(n, g_{1})$
$R(p)$ .
, ( )






, . , , ,
, 19 20
. , [4] Cayley .
, Gr\"obner , Macaulay
. GSL , Kronecker .
, , ,
. , , [5]
, , . ,
, .
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